Abstract. Let K be a field, and A = K[a 1 , . . . , a n ] a solvable polynomial algebra in the sense of [K-RW, J. Symbolic Comput., 9(1990), 1-26]. It is shown that if A is an N-graded algebra of (B, d( ))-type, the A has a graded monomial ordering ≺ gr . It is also shown that A is an N-filtered algebra of (B, d( ))-type if and only if A has a graded momomial ordering, where B is the PBW basis of A.
N-graded and N-filtered Algebras of (B, d( ))-type
Let A = K[a 1 , . . . , a n ] be a finitely generated K-algebra with the set of generators {a 1 , . . . , a n } and the PBW basis B = {a α = a α 1 1 · · · a αn n | α = (α 1 , . . . , α n ) ∈ N n }. We first explore the sufficient and necessary condition that makes A into an N-graded algebra such that (a) the degree-0 homogeneous part of A is equal to K; (b) every a α ∈ B is a homogeneous element of A.
Suppose that A is an N-graded algebra. Then by the definition of a graded algebra we know that A = ⊕ p∈N A p with the degree-p homogeneous part A p which is a subspace of A, such that A p A q ⊆ A p+q for all p, q ∈ N. Furthermore, we assume that A has the above properties (a) and (b). Then a i ∈ A m i for some m i > 0, 1 ≤ i ≤ n. Thus, writing d gr (h) for the graded-degree (abbreviated to gr-degree) of a nonzero homogeneous element h ∈ A p , i.e., d gr (h) = p, we have d gr (a i ) = m i , 1 ≤ i ≤ n. It turns out that if a α = a equipped with an N-graded structure A = ⊕ p∈N A p , where for every p ∈ N,
which is a finite dimensional subspace of A, in particular, A 0 = K. Clearly, every a α ∈ B is a homogeneous element of A. However, in general this N-gradation does not necessarily satisfy the condition
namely A is not necessarily an N-graded algebra with respect to the N-gradation determined by the PBW basis B of A and the given positive-degree function d( ) on A (see Example given after Definition 1.4). To remedy this problem, considering the property (2) presented above, it is straightforward to verify that if
then the condition (2 ′ ) is satisfied and consequently, A is turned into an N-graded algebra.
Summing up, the above discussion has led to the following result and defination.
Proposition Let
. . , a n ] be a finitely generated K-algebra with the set of generators {a 1 , . . . , a n } and the PBW basis B = {a α = a
The following two statements are equivalent.
(i) A = ⊕ p∈N A p is an N-graded algebra with the degree-p homogeneous part A p which is a subspace of A, such that (a)
(ii) With respect to a certain n-tuple (m 1 , . . . , m n ) ∈ N n in which all m i > 0, there is a
1.2. Definition Let A = K[a 1 , . . . , a n ] be a finitely generated K-algebra with the set of generators {a 1 , . . . , a n } and the PBW basis B = {a α = a
If there is a certain positive-degree function d( ) on B (or equivalently on A) such that A is made into an N-graded algebra with respect to the N-gradation
Let A = K[a 1 , . . . , a n ] be a finitely generated K-algebra with the set of generators {a 1 , . . . , a n } and the PBW basis B = {a α = a
We next explore the sufficient and necessary condition that makes A into an N-filtered algebra of type (B, d( )), and furthermore, we explore the associated graded structures of A determined by the N-filtration of A.
Given an n-tuple (m 1 , . . . , m n ) ∈ N n with all m i > 0, condider the positive-degree
Then, with respect to d( ), not only an N-gradation may be constructed for the vector space A (as we have seen from the last part), but also an N-filtration may be constructed for the vector space A, i.e., A has the N-filtration F A = {F p A} p∈N , where for every p ∈ N,
which is a finite dimensional subspace of A, in particular A 0 = K, such that F p A ⊆ F p+1 A for all p ∈ N and A = ∪ p∈N F p A. However, in general this N-filtration does not necessarily satisfy the condition
namely A is not necessarily an N-filtered algebra with respect to the N-filtration determined by the PBW basis B of A and the given positive-degree function d( ) on A (see Example (1) given after Definition 1.4). To remedy this problem, considering the condition (C) presented above by focusing on the representation of the product a j a i by elements in B, where 1 ≤ i < j ≤ n, we have the following easily verified proposition.
1.3. Proposition With the notation above, A is a filtered algebra with respect to the N-filtration F A, or equivalently, the filtration F A satisfies condition (C) presented above, if and only if A satisfies the condition
In conclusion, we give the formal definition of the N-filtered algebras specified in Proposition 1.3, as follows.
Definition Let
If there is a certain positive-degree function d( ) on B (or equivalently on A) such that A is made into an N-filtered algebra with respect to the N-filtration F A = {F p A} p∈N where each
We now give an example to illustrate Proposition 1.1 and Proposition 1.3.
, a 2 , a 3 ] be the K-algebra generated by {a 1 , a 2 , a 3 } subject to the relations a 1 a 2 = a 2 a 1 , 
≤ p}, because with λ = 0 and µ = 0,
Let A be an N-filtered algebra of (B, d( ))-type with the filtration F A = {F p A} p∈N . Note that F A is constructed with respect to a positive-degree function
Actually, this tells us that for a nonzero f ∈ A,
In order to deal with the associated graded structure of A determined by F A below, we first highlight an intrinsic property of d( ) with respect to F A, as follows.
Proof Exercise.
Let A be an N-filtered algebra of (B, d( ))-type with filtration
Another N-graded K-algebra determined by F A is the Rees algebra A of A, which is defined as A = ⊕ p∈N A p with A p = F p A, where the multiplication of A is induced by F p AF q A ⊆ F p+q A, p, q ∈ N. For convenience, we fix the following notations once and for all:
• If h ∈ G(A) p and h = 0 (i.e., h is a nonzero degree-p homogeneous element of G(A)), then, as in the foregoing discussion, we write d gr (h) for the gr-degree of h as a homogeneous element of G(A), i.e., d gr (h) = p.
• If H ∈ A p and H = 0, then we write d gr (H) for the gr-degree of the nonzero degree-p homogeneous element H of A, i.e., d gr (H) = p.
Concerning the N-graded structure of G(A), if f ∈ A with d(f ) = p, then by Lemma 1.5, the coset f + F p−1 A represented by f in G(A) p is a nonzero homogeneous element of degree p. If we denote this homogeneous element by σ(f ) (in the literature it is referred to as the principal symbol of f ), then d(f ) = p = d gr (σ(f )). However, considering the Rees algebra A of A, we note that a nonzero f ∈ F q A represents a homogeneous element of degree q in A q on one hand, and on the other hand it represents a homogeneous element of degree q 1 in A q 1 , where q 1 = d(f ) ≤ q. So, for a nonzero f ∈ F p A, we denote the corresponding homogeneous element of degree p in A p by h p (f ), while we use f to denote the homogeneous element represented by f in A p 1 with
Furthermore, if we write Z for the homogeneous element of degree 1 in A 1 represented by the multiplicative identity element 1, then Z is a central regular element of A, i.e., Z is not a divisor of zero and is contained in the center of A. Bringing this homogeneous element Z into play, the homogeneous elements of A are featured as follows:
With the notation above, it follows that considering the K-algebra homomorphism
we have G(A) ∼ = A/ Z where Z is the ideal generated by Z in A, and considering the K-algebra homomorphism
The proposition presented below will very much help us to construct graded monomial orderings (see next section for the definition) on N-graded and N-filtered solvable polynomial algebras of (B, d( ))-type in the next two sections, so that the results of [Li5, Ch4, Ch5] may be better realized with such graded orderings. A = K[a 1 , . . . , a n ] be a finitely generated K-algebra with the set of generators {a 1 , . . . , a n } and the PBW basis B = {a α = a 
Proposition Let
(c) G(A) has the PBW basis σ(B) = {σ(a) α | a α ∈ B} and A has the PBW basis B =
(ii) Suppose that A is either an N-graded algebra of (B, d( ))-type or an N-filtered algebra of (B, d( ))-type, and let f = t s=1 λ s a α(s) ∈ A with λ s ∈ K * , a α(s) ∈ B and d(f ) = p. Then by Lemma 1.5, f is associated to a unique element
is usually referred to as the leading homogeneous part of f . In the commutative case LH d (f ) is called the degree form of f (e.g. see [KR2]), and in the noncommutative case the algebra defined by leading homogeneous parts of an ideal is studied in [Li2] and [Li3] . With the notation as fixed, the following holds true.
Proof All statements may be checked directly by referring to Proposition 1.1, Proposition 1.3 and Lemma 1.5. So we leave the details as an exercise.
Remark Let A be either an N-graded algebra of (B, d( ))-type or an N-filtered algebra of (B, d( ))-type. Proposition 1.6(ii) may also enable us to have a graded monomial ordering on B (see next section for the definition) so that A may have a Gröbner basis theory (though probably theoretical only, i.e., not necessarily realizable in an algorithmic way). More precisely, given a total ordering ≺ on B (which may not necessarily be a well-ordering), we can define a new ordering ≺ gr on B as follows: for a α , a β ∈ B,
Clearly, the obtained ≺ gr is now a well-ordering on B and this, in turn, determines a unique leading monomial LM(f ) for every nonzero f = t s=1 λ s a α(s) ∈ A, where if
. If furthermore the ordering ≺ satisfies the conditions (b) and (c) (with LH d ( ) replaced by the leading monomial LM ≺ ( )), then, combining Proposition 1.6(ii), it follows that ≺ gr is a graded monomial ordering on B.
Solvable Polynomial algebras 2.1. Definition ([K-RW], [LW]) Let
. . , a n ] be a finitely generated K-algebra. Suppose that A has the PBW K-basis B = {a α = a
and that ≺ is a (two-sided) monomial ordering on B. If for all a α = a
1 · · · a βn n ∈ B, the following holds:
where LM(f α,β ) stands for the leading monomial of f α,β with respect to ≺, then A is called a solvable polynomial algebra. Usually (B, ≺) is referred to an admissible system of A.
Definition
Let A be a solvable polynomial algebra with admissible system (B, ≺).
then we call ≺ a graded monomial ordering with respect to d( ).
The next proposition provides us with a constructive characterization of solvable polynomial algebras.
Proposition [Li4, Theorem 2.1] Let
. . , a n ] be a finitely generated Kalgebra, and let K X = K X 1 , . . . , X n be the free K-algebras with the standard K-basis B = {1} ∪ {X i 1 · · · X is | X i j ∈ X, s ≥ 1}. The following two statements are equivalent:
(i) A is a solvable polynomial algebra in the sense of Definition 2.1.
(ii) A ∼ = A = K X /I via the K-algebra epimorphism π 1 : K X → A with π 1 (X i ) = a i , 1 ≤ i ≤ n, I = Kerπ 1 , satisfying (a) with respect to some monomial ordering ≺ X on B, the ideal I has a finite Gröbner basis G and the reduced Gröbner basis of I is of the form
2 · · · X αn n | α j ∈ N} forms a PBW K-basis for A, where each X i denotes the coset of I represented by X i in A; and (b) there is a (two-sided) monomial ordering ≺ on B such that LM(F ji ) ≺ X i X j whenever F ji = 0, where
Graded Ordering for N-graded Solvable polynomial Algebras of (B, d( ))-type
Let A = K[a 1 , . . . , a n ] be a finitely generated K-algebra with the PBW basis
Recall from Definition 1.2 that A is called an Ngraded algebra of (B, d( ))-type if there is a certain positive-degree function d( ) on B (or equivalently on A) such that A is made into an N-graded algebra with respect to the N-gradation
, this is also equivalent to say that A = ⊕ p∈N A p in which every degree-p homogeneous part A p is a subspace of A such that A p A q ⊂ A p+q for all p, q ∈ N, and moreover, (a) A 0 = K, and (b) if a α ∈ B, then a α ∈ A q for some q ∈ N.
We recall also from the definition of a solvable polynomial algebra (Definition 2.1) that the condition (S) is equivalent to
Now, it follows from Proposition 1.1(ii) that we first have the following 3.1. Proposition Let A = K[a 1 , . . . , a n ] be a solvable polynomial algebra with admissible system (B, ≺). The following statements are equivalent. (i) A is an N-graded algebra of (B, d( ))-type (in the sense of Definition 1.2).
(ii) There is a positive-degree function d( ) on A such that for 1
The proposition (or more precisely its proof) below shows us that every N-graded solvable polynomial algebra of (B, d( ))-type has a graded monomial ordering ≺ gr with respect to the same positive-degree function d( ) on B as described in the remark made at the end of Section 1. A = K[a 1 , . . . , a n ] be a finitely generated K-algebra with the PBW basis B = {a α = a
Proposition Let
The following statements are equivalent.
(i) A is a solvable polynomial algebra with a graded monomial ordering ≺ gr with respect to a certain positive-degree function d( ) on B such that for 1 ≤ i < j ≤ n, all the relations a j a i = λ ji a i a j + f ji with
(ii) A is an N-graded solvable polynomial algebra of (B, d( ))-type.
This follows immediately from Proposition 3.1.
(ii) ⇒ (i) Let A be an N-graded solvable polynomial algebra of (B, d( ))-type. By Proposition 3.1 it remains to prove that A has a graded monomial ordering with respect to the given positive-degree function d( ). As A is a solvable polynomial algebra, there is a monomial ordering ≺ on B. If we define a new ordering ≺ gr on B subject to the rule: for a α , a β ∈ B,
then, noticing that A is a domain and using Proposition 1.6(ii), it is straightforward to check that ≺ gr is a graded monomial ordering on B with respect to d( ), as desired.
As we will see in the next section, that every N-filtered solvable polynomial algebra of (B, d( ))-type has a graded monomial ordering ≺ gr . This enables us to show that the associated graded algebra G(A) of an N-filtered solvable polynomial algebra A of (B, d( ))-type is an N-graded solvable polynomial algebra of (σ(B), d( ))-type (thereby it has a graded monomial ordering), and the Rees algebra A of A is an N-graded solvable polynomial algebra of ( B, d( ))-type (thereby it has a graded monomial ordering).
Finally, let us also have a review of the algebra A given in Example (1) 
where λ s ∈ K * , a α(s) ∈ B, 1 ≤ i < j ≤ n. Also recall that in the last section we have pointed out that the condition (S) of Definition 2.1 is equivalent to the condition
Now, it follows from Proposition 1.3 that we first have the following 4.1. Proposition Let A = K[a 1 , . . . , a n ] be a solvable polynomial algebra with admissible system (B, ≺). The following statements are equivalent.
(i) A is an N-filtered algebra of (B, d( ))-type (in the sense of Definition 1.4).
(ii) There is a positive-degree function d( ) on A such that for 1 ≤ i < j ≤ n, all the relations a j a i = λ ji a i a j + f ji with
The proposition (or more precisely its proof) below shows us that every N-filtered solvable polynomial algebra of (B, d( ))-type has a graded monomial ordering ≺ gr with respect to the same positive-degree function d( ) on B as described in the remark made at the end of Section 1.
. . , a n ] be a finitely generated K-algebra with the PBW basis B = {a α = a
(i) A is a solvable polynomial algebra with a graded monomial ordering ≺ gr with respect to a certain positive-degree function d( ) on B;
(ii) A is an N-filtered solvable polynomial algebra of (B, d( ))-type. 
Thus it follows from Proposition 4.1 that A is an Nfiltered solvable polynomial algebra of (B, d( ))-type.
(ii) ⇒ (i) Let A be an N-filtered solvable polynomial algebra of (B, d( ))-type, where d( ) is a positive-degree function on B. In order to reach (i), we proceed to show that A has a graded monomial ordering with respect to the given positive-degree function d( ) on B. To this end, note that A is a solvable polynomial algebra, thereby there is a monomial ordering ≺ on B. If we define a new ordering ≺ gr on B subject to the rule: for a α , a β ∈ B,
With the aid of Proposition 4.1, the following examples may be better understood.
. . , a n ] is an N-graded solvable polynomial algebra of (B, d( ))-type, i.e., A = ⊕ p∈N A p with the degree-p homogeneous part | α = (α 1 , α 2 , α 3 ) ∈ N 3 }, a 1 a 2 = a 2 a 1 , a 3 a 2 = a 2 a 3 , and a 3 a 1 = λa 1 a 3 + µa 2 2 a 3 + f (a 2 ) with f (a 2 ) ∈ Kspan{1, a 2 , a (i) The N-graded K-algebra G(A) is generated by {σ(a 1 ), . . . , σ(a n )}, i.e., G(A) = K[σ(a 1 ), . . . , σ(a n )], and G(A) has the PBW basis σ(B) = {σ(a) α = σ(a 1 ) α 1 · · · σ(a n ) αn | α = (α 1 , . . . , α n ) ∈ N n }.
By referring to the relation a α a β = λ α,β a α+β + f α,β in Definition 2.1, where λ α,β ∈ K * , for Proof All properties may be verified by referring to Section 1, in particular, Proposition 1.6. We leave the detailed argumentation as an exercise.
